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RESOLVED ELECTRON
∗
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Institute of Computer Science, Jagellonian University, Reymonta 4, 30-059 Krako´w, Poland
Advantages of introducing the electron structure function
in electron induced processes are demonstrated. At present
energies the same experiment gives more precise description
of the electron than photon structure. The momentum scales
entering the process are better controlled. At very high mo-
menta probabilistic (partonic) interpretation can be preserved
despite strong γ -Z interference. The “virtual photon” struc-
ture can also be reformulated in terms of more physical (real)
electron variables.
Theoretical framework which allows to calculate the
photon structure is known since long [1]. It appears as
perturbative QCD contribution (resolved photon), in ad-
dition to the modeled Vector Meson Dominance (VDM)
and pointlike (direct) terms. To measure this photonic
structure, experiments [2] use the electron (or positron)
beam as a source of photons. Despite precise measure-
ment the data are difficult to extract. The problem is
displayed in Fig. 1a. The tagged (upper) electron emits a
probing photon whereas the untagged (lower) goes nearly
along the beam, emitting the target photon. The large
scale, Q2 is determined by the tagged electron:
Q2 = −(k − k′)2 = 2EEtag(1− cos θtag), (1)
where E is the initial electron energy and Etag and θtag
are the energy and polar angle of the measured electron.
The anti-tagging condition (if present) requires the vir-
tuality of the target photon to be less than P 2:
−(p− p′)2 ≡ P 2γ ≤ P
2.
This photon is clearly not a beam particle and has
the energy diffused according to the equivalent photon
(Weizsa¨cker-Williams [3]) spectrum feγ . The measured
cross-section for the production of a hadronic system X ,
expressed in terms of the photon structure functions F γ2
and F γL reads:
d2σee→eX
dzdQ2
=
2piα2em
x2Q4
×[(1 + (1− y)2)F γ2 (x,Q
2, P 2)− y2F γL(x,Q
2, P 2)]
×feγ(z/x, P
2)dx (2)
where
y = 1− (Etag/E) cos
2(θtag/2)
and x (z) are fractions of parton momentum with respect
to the photon (electron).
Three remarks are important for further considera-
tions. First, the splitting of the process into a distri-
bution of photons inside electron feγ and that of partons
inside the photon F γ2 is an approximation. The optimal
form of the equivalent photon formula is still being dis-
cussed [4]. Even if most of experimental groups choose
the same formula, one should keep in mind that the def-
inition of the photon structure function depends on this
convention.
Second, in order to fix x, one is forced to measure — in
addition to the tagged electron — the hadronic momenta.
In fact,
x =
Q2
Q2 + P 2γ +W
2
≈
Q2
Q2 +W 2
,
where W is the invariant mass of the produced hadronic
system X . Its determination is more difficult than other
(tagged electron) variables.
Third, the target photon is always off-shell. Although
the equivalent photon distribution is peaked at minimum
(nearly zero) virtuality, treating the photon as real is
another approximation. One should keep in mind that
the measured photon structure function depends on x,
Q2 and P 2 (we keep the minimum virtuality fixed but in
general it is still another variable).
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FIG. 1. Deep inelastic scattering on a photon (a) and elec-
tron (b) target
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The necessity of unfolding the photon structure func-
tion from the cross-section (2) and the uncertainty in the
determination of the x variable are sources of biggest er-
rors in the analysis. The data are indirectly biased by
theoretical assumptions and, in addition, the selection
cuts put on the hadronic mass W 2 reduce the number of
accepted events.
Most of the above problems can be avoided when we
introduce the structure function of the electron (Fig. 1b).
To see how it works let us first write the cross-section (2),
this time in terms of the electron structure functions F e2
and F eL:
d2σee→eX
dzdQ2
=
2piα2em
zQ4
[(1 + (1 − y)2)F e2 (z,Q
2, P 2)− y2F eL(z,Q
2, P 2)]. (3)
The structure function F e2 (z,Q
2, P 2) which dominates
the cross-section at small y, has simple partonic interpre-
tation:
F e2 (z,Q
2, P 2) = z
∑
i
e2qiqi(z,Q
2, P 2)
where eqi and qi are the i-th quark fractional charge and
density. No unfolding procedure is necessary to obtain
F e2 , and its argument z — the parton momentum frac-
tion with respect to the electron — is measured, as in
the standard deep inelastic scattering, with the tagged
electron variables only:
z =
Q2
2pq
=
sin2(θtag/2)
E/Etag − cos2(θtag/2)
.
There is no need to reconstruct the hadronic massW . All
these features cause that the same experiment can pro-
duce more precise data. What is most important — the
electron structure function contains the same informa-
tion about QCD as the photon one and, as we point out
below, it is known theoretically with at least the same ac-
curacy. Moreover, it allows to avoid problems which arise
in the photon structure function at very high energies.
The construction of the QCD electron structure func-
tion can be presented in two steps. First we calculate
the splitting function of the electron into a quark/anti-
quark P eq/q¯(z, P
2) (Fig. 2). As a high Q2 probe we use
in this calculation the gluon rather than the photon, be-
cause it couples to the QCD partons only. Note that we
allow for the exchange of Z and W bosons in addition to
the photon. The result for a quark reads (for anti-quark:
exchange Φ+ with Φ− and replace δqd with δq¯u¯):
P eq (z, P
2) =
3αem
4pi
{
2e2q [Φ+(z) + Φ−(z)] logµ0 (4)
+ tan4 θW
[
(e2q + z
2
qρ
2)Φ+(z) + (e
2
qρ
2 + z2q )Φ−(z)
]
logµZ
+2eq tan
2 θW [(eq + zqρ)Φ+(z)− (eqρ+ zq)Φ−(z)] logµZ
+(1 + ρ)2Φ+(z)δqdlogµW
}
where
Φ+(z) =
1− z
3z
(2 + 11z + 2z2) + 2(1 + z) log z, (5)
Φ−(z) =
2(1− z)3
3z
(6)
ρ = 1/2 sin2 θW−1, µ0 = P
2/m2e, µB = P
2/M2B+1, zq =
T q3 / sin
2 θW − eq, with eq, T
q
3 , MB, me and θW being
the quark charge, its 3rd weak isospin component, weak
boson (Z or W ) mass, electron mass and the Weinberg
angle. One sees that at present Q2 the photon contri-
bution (first term proportional to logµ0) dominates. At
very high momenta one should expect the other terms to
contribute, in particular the γ-Z interference enters with
the same logarithm as the Z-term itself.
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FIG. 2. The Feynman diagrams contributing to the elec-
tron → quark/anti-quark splitting functions
In the second step we construct the Q2-evolution equa-
tions for the quark and gluon densities inside the elec-
tron q(z,Q2, P 2) and G(z,Q2, P 2). Introducing t =
log(Q2/Λ2QCD) and t1 = log(P
2/Λ2QCD) and remember-
ing that there is no direct coupling of the electroweak
sector to gluons we can write [5]:
dqj(t, t1)
dt
=
αem
2pi
P eqj (t1)
+
α(t)
2pi
∑
k
P qkqj ⊗ qk(t, t1) + P
G
qj ⊗G(t, t1), (7)
dG(t, t1)
dt
=
α(t)
2pi
∑
k
P qkG ⊗ qk(t, t1) + P
G
G ⊗G(t, t1). (8)
The sign ⊗ stands for the convolution f ⊗ g =∫ 1
z
dx
x f(z/x)g(x) and explicit z dependence has been sup-
pressed. α(t) is the QCD running coupling constant.
The momentum scales require some attention. The
QCD evolution, started by the qq¯ pair, is governed by
ΛQCD. The large ‘probing scale’ defined for e
+e− scat-
tering in Eq.(1), is chosen in other reactions to be large
transverse momentum (e.g. of jets) or produced heavy
mass (e.g. heavy quark or Higgs boson). The maximum
virtuality P 2 defines the kinematical range which is called
photo- (or more general boso-) production. It is often set
by experiment. E.g. in e+e− or ep scattering it can be
chosen by the untagging condition. But one may also
take into account larger virtualities up to Q2 . P 2. In
the case of the W boson contribution no such limit can
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be imposed experimentally at all and P 2 varies up to its
kinematical limit:
P 2max =
x+ 1− z
x
Q2.
In the asymptotic t region (t→∞) we can take [6]
t1 = (1− a)tˆ1 + at
where tˆ1 is constant and 0 ≤ a ≤ 1. Let us look closer
at the two limiting cases a = 0 and a = 1. In the first
one the inhomogeneous term in the evolution equations
(7) does not depend on t. The asymptotic solutions have
the form:
q(z, t)≃
(αem
2pi
)2
qas(z) t1t,
G(z, t)≃
(αem
2pi
)2
Gas(z) t1t (9)
with qas(z) and Gas(z) being given by known, t-
independent integral equations [5,6].
Their numerical solutions are shown in Fig. 3. As
expected in the asymptotic region all bosons contribute.
What is interesting, the γ-Z interference term enters with
strength comparable to the contribution of the Z boson
itself. This means that the notion of separate equivalent
bosons breaks down at very high momenta. The electron
structure function takes correctly into account interfer-
ence effects, preserving at the same time probabilistic
(partonic) interpretation.
One should keep in mind that only in the asymptotic
region all logarithms entering the splitting function P eq
are equal. At lower energies the photon contribution
(proportional to logµ0) dominates.
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FIG. 3. Asymptotic quark and gluon distributions — solid
line. The other lines show different contributions as labeled
The ‘inclusive’ (no tagging) case when a = 1 was con-
sidered in Ref. [5,6]. After quite non-trivial procedure
the evolution equations look formally identical to Eqs.(7)
with t1 replaced by t. In particular the splitting function
P eq is now proportional to t. The solutions again have
the form (9) with t1 replaced by t (the parton densities
grow thus as t2), but the resulting z-dependence is differ-
ent from the previous case. The standard convolution of
equivalent photons with the photon structure (as in case
a = 0) is no more valid.
The comparison of the two cases is shown for the elec-
tron structure function F e2 (z,Q
2, P 2) in Fig. 4. Two up-
per curves are the asymptotic result with all electroweak
bosons taken into account. We also show the photon
contribution alone to get a feeling what is the effect at
presently accessible momenta. One sees an extra sup-
pression in the ‘inclusive’ case (when t1 ∼ t).
Let us add a few final remarks. First concerns the
study of the virtual photon structure [7]. The analysis
can be reformulated in terms of the P 2 dependence of the
electron structure function. Studying a real, convention
independent object is first advantage. Another one is the
fact that at very high virtualities the Z admixture and
the γ-Z interference are properly taken into account.
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FIG. 4. F e2 (z,Q
2, P 2)/(αem
2pi
)2t1t for P
2
≪ Q2 — solid line,
and for P 2 ≈ Q2 — broken line. The contributions from
γ, Z,W and from γ alone are labeled
Second, the calculation discussed above has been done
in leading logarithmic approximation. Corrections to this
picture are well defined. In particular one does not re-
quire factorization of the electron induced process into
the e-γ (Weizsa¨cker-Williams) and γ-QCD parts. The
process initializing the qq¯ cascade can be calculated ex-
actly (in given order of αem).
Third, the extraction of the electron structure func-
tion consists in the reanalysis of the collected e+e−
data which served for the photon. A phenomenological
parametrisation describing the data, with the predicted
Q2 and P 2 dependence, could be then constructed (in-
cluding the VDM and direct contributions, see also [8]).
This parametrisation would serve then as the basis for
a Monte-Carlo generator simulating quark production in
lepton induced processes. This single generator replaces
in fact two others, presently used [9].
As a side-remark we comment on the QED structure
function of the photon. It is extracted from the process
e+e− → e+e−µ+µ− by dividing out the (approximate)
equivalent photon distribution. The use of the QED elec-
tron structure function avoids this problem. The exactly
known (in given order of αem) electron structure function
can be compared directly with the electron data.
Finally, the photon structure function has been re-
cently measured [10] in two jet production at HERA.
Again the extraction of the x variable is difficult. In ad-
dition to jets, one has to measure essentially the whole
hadronic system in order to obtain the photon energy.
The data, when presented in terms of the electron struc-
ture function, require only measurement of the two jets.
As in the e+e− case the resulting data should be more
precise.
To summarize, we propose to look at the electron as
surrounded by a QCD cloud of quarks and gluons (in or-
der α2em), very much like it is surrounded by a QED cloud
of equivalent photons (in order αem). We argue that the
use of the electron structure function in electron induced
processes has important advantages over the photon one.
Experimentally it leads to more precise, convention in-
dependent data. Theoretically it allows for more careful
treatment of all variables. It also takes into account all
electroweak gauge boson contributions, including their
interference, which will be important in the next gener-
ation of e+e− colliders.
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